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Abstract— Type-2 Fuzzy Logic Controllers offer great capabilities in modeling and handling the effects of real world
uncertainties from sensors, actuators and the environment.
Nevertheless, the general Type-2 Fuzzy Logic Controllers enormously suffer from high computation cost. To overcome this
problem, in this paper, we present a computationally effective
Type-2 Fuzzy Logic Controller which uses Interval Type2 fuzzy sets to capture the control inputs and utilizes the
Takagi-Sugeno-Kang technique to render the control outputs.
It is shown that the proposed technique greatly reduces the
computation cost since only the lower and upper bounds of the
input fuzzy sets suffice to calculate the control output.

I. INTRODUCTION
The Type-2 fuzzy logic system (T-2 FLS), initially developed by Zahdeh [12], is unique in its ability to model and
handle uncertainty while also being able to handle complex
control structures and linguistic variables. Over the years,
a great deal of efforts have been put into reducing the
computation cost, and thus, improving the performance of
the Type-2 fuzzy controllers. The focus of these efforts has
been mainly on the type reduction of fuzzy type-2 sets in
the last stage of control computation process in a general
T-2 FLC (e.g., [11], [1], [7], and [2]). In comparison, in
this paper, we propose a new technique for designing a T2 FLC which reduces the computation cost both in inputfuzzification and output signal processing. For this purpose,
we use Interval Type-2 fuzzy sets to capture the input space.
The Interval Type-2 fuzzy sets [12], [5], [4], were initially
introduced to reduce the computational complexity of the
general T-2 FLSs. Interval T-2 FLSs have become even more
popular over the recent years because they can be extended
to general T-2 FLSs [2], [6], while still preserving the major
properties of general T-2 FLSs. On the other hand, to reduce
the computation cost in the output processing part of the
FLCs, we employ the Takagi-Sugeno-Kang (TSK) controller.
The TSK controller or Sugeno controller was originally
introduced by Sugeno et al [9]. The TSK controller allows for
the modeling of more complex output functions while greatly
reducing the computation cost by parallel processing of the
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inputs and outputs. While some work has been done on Type2 TSK controller design (e.g., [10], [8] and [3]), this paper
provides a unique theoretical approach and theorem which
together, simplifies the understanding of the Type-2 TSK
controller design. The proposed algorithm ultimately requires
little information (the upper and lower bounds for the firing
levels and output constants) which significantly reduces the
computation cost for calculating the output control signal.
Thus, the contribution of this paper is the development
of a computationally effective Type-2 fuzzy logic controller
by using the Interval Type-2 fuzzy sets to capture the input
space, and by employing the TSK Fuzzy Logic Controller
for the output processing. An illustrative example and the
simulation results for a cart-centering problem are provided
which show the satisfactory performance of the developed
controller. Integrating the interval type-2 FLC with TakagiSugeno rules makes it possible to use parallel processing of
input firing levels and rule outputs which the Mamdani approach is not able to do. This simplifies the control structure
so that only the upper and lower bounds of the firing levels
and rule outputs suffices to calculate the controller output.
Unlike many other methods, this technique directly generates
a fuzzy type-1 output which can be simply defuzzified and
hence, there is no need for type reduction.
The rest of this paper is organized as follows. In Section II,
we briefly discuss the necessary preliminaries and Fuzzy sets
background. In Section III, we detail the development of the
proposed T-2 FLC and discuss its different parts including the
input processing, rule sets and output processing. Section IV
simulates the developed controller. The paper is concluded
in Section V.
II. PRELIMINARIES
In this section, we briefly review the necessary background
on Fuzzy Set Theory which is essential to explain the
proposed Type-2 fuzzy controller. Some of the notations are
borrowed from Mendel et al [5]. We also will develop a
useful theorem that simplifies the presentation of Interval
Type-2 fuzzy sets.
Definition 1: Type-1 Fuzzy Sets (T-1 FSs)
A Type-1 Fuzzy Set [4] is composed of pairs of (x, µA (x))
in which for each member of domain, x ∈ X, a membership
value µA (x) ∈ [0, 1] can be defined as follows:
A = {(x, µA (x))|∀x ∈ X, µA (x) ∈ [0, 1]}
X
=
(x, µA (x))
x∈X

(1)

P
Here
denotes the collection of elements of a set.
Extending from Type-1 fuzzy sets, Type-2 fuzzy sets allow
for capturing more degrees of uncertainty which can be
defined as follows:
Definition 2: Type-2 Fuzzy Sets (T-2 FSs)
A Type-2 Fuzzy Set [4] is composed of triples
((x, u), µA (x, u)) in which for each member of domain
x ∈ X, a primary membership value, u ∈ Jx (Jx is the
range of primary membership for a given x) and a secondary
membership, µÃ (x, u) can be defined as follows:
Ã = {((x, u), µÃ (x, u))|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1],
X X
((x, u), µÃ (x, u))
µÃ (x, u) ∈ [0, 1]} =

(2)

u∈Jx x∈X

Fig. 1a shows a simple Type-2 fuzzy set for a case that X
and Jx are connected sets, and µÃ is a continuous function.
Type-2 fuzzy sets can be seen as a set of weighted Type-1
fuzzy sets, and can model uncertainty in memberships due
to imprecise measurements. Despite the capabilities of this
set up, particularly in capturing uncertainties, it is found
to be computationally expensive. Alternatively we can use
Interval Type-2 fuzzy sets, which significantly reduce the
computation costs while maintaining major advantages of
Type-2 fuzzy sets.
Definition 3: Interval Type-2 Fuzzy Sets (IT2 FSs)
An Interval Type-2 Fuzzy Set [5] is a Type-2 Fuzzy Set
in which the secondary grade values are always unity:
Ã = {((x, u), 1)|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]}
X X
=
((x, u), 1)

(3)

u∈Jx x∈X

Fig. 1b gives an example of an Interval Type-2 fuzzy set.
Next, we simplify the expression of IT2 FSs using Embedded
IT2 FSs and Embedded Type-1 FSs.
Definition 4: Embedded IT2 FSs (EIT2 FSs)
An Embedded Interval T-2 FS [5] is an Interval T-2 FS
in which for all x ∈ X, the primary membership is a single
value:
Ãe = {((x, ux ), 1)|∀x ∈ X, ∃!ux ∈ Jx ⊆ [0, 1]}
X
=
((x, ux ), 1)

(4)

x∈X

In the case that X is a connected set and u is a continuous
function, an Embedded Interval T-2 FSs can be seen as a
wavy slice shown in Fig. 1c.
Following the preceding definition, the following lemma
shows that IT2 FSs can be expressed in terms of EIT2 FSs.
Lemma 1: (IT2 to EIT2 FSs)
Any IT2 FS can be
P described by the collection of (infinite)
EIT2 FSs as Ã = j Ãje if for any ((x, ux ), 1) ∈ Ã, there
exists a j, such that ((x, ux ), 1) ∈ Ãje .
Proof: Since any member of Ã has been included at
least in one of Ãje , it follows that the collection of Ãje results
in Ã.

We now define Embedded T-1 FSs and show how EIT2
FSs can be further simplified.
Definition 5: Embedded T1 FSs (ET1 FSs)
An ET1 FS is a T-1 FS with the same x and primary
membership values in its corresponding EIT2 FS but with
the secondary membership (unity) ignored.
Ae = {(x, ux )|∀x ∈ X, ∃!ux ∈ Jx ⊆ [0, 1]}
X
=
(x, ux ) (5)
x∈X

Fig. 1d shows an Embedded T-1 FS with connected X
and continuous ux .
Lemma 2: (EIT2 to ET1 FSs)
Any set of EIT2 FSs can be expressed using its corresponding ET1 FSs as Ãe = Ae × 1, where × denotes the
Cartesian product.
Combining Lemmas 1 and 2, we can now present the
following theorem which describes IT2 FSs based on ET1
FSs:
Theorem 1: (IT2 to ET1 FSs)
Any IT2 FS canPbe described by the collection of (infinite)
ET1 FSs as Ã = j Aje ×1 if for any ((x, ux ), 1) ∈ Ã, there
exist a j, such that (x, ux ) ∈ Aje .
Proof: From Lemma 1, we know that Ã can be
described
by a collection of (infinite) EIT2 FSs as Ã =
P j
.
Based
on Lemma 2, each EIT2 FSs can be expressed
Ã
j e
×1. Substituting
using its corresponding ET1 FSs asPÃje = AjeP
this value of Ãje , we obtain Ã = j Ãje = j Aje × 1.
This theorem allows us to represent the 3-dimensional IT2
FSs as a set of 2-dimensional T-1 FSs. This theorem will be
used throughout the paper to simplify the explanation of the
developed Type-2 TSK FLC using Type-1 FSs.
III. DEVELOPING THE CONTROLLER
The basic idea for developing the proposed IT2 TSK FLC
is to use Theorem 1 to decompose Type-2 fuzzy sets into
Type-1 fuzzy sets for which we can employ well-matured
control techniques such as TSK to design the controller.
Fig. 2 shows the structure of the proposed T2 TSK FLC. The
blocks of this control structure are detailed in the following
sections.
A. Interval Type-2 Fuzzification
1) Membership Decomposition: The Fuzzifier block converts the control inputs (sensor readings), which are crisp
values, to fuzzy values using the predefined Fuzzy Type-2
memberships. Here, we use IT2 fuzzy sets to describe the
input space. Each input channel, Xi , can be captured by ni
membership functions as follows:
Fi =

ni
X

Fi,j

(6)

j=1

Where Fi represents all MFs related to input channel Xi ,
including Fi,1 , Fi,2 ,. . . , Fi,ni . The subscript j in Fi,j is used

(b)

(a)

(c)

(d)

Fig. 1: (a) A Type-2 FS. (b) An Interval Type-2 FS. (c) An Embedded IT2 FS. (d) An Embedded T1 FS.

(a)

(b)

(c)

Fig. 3: (a) IT2 Membership Functions for input Xi . (b)
Decomposed IT2 MFs for input Xi . (c) A set of arbitrary
choices of ET1 MFs for input Xi .

Fig. 2: T2 TSK FLC structure

Fig. 4: Fuzzification of x1 and x2

to indicate the jth individual MF in Fi . Fig. 3a shows the
IT2 input membership function for the input channel of a
system with three IT2 membership sets. For simplicity, the
secondary grade values are not shown as they are always
unity.
Using Theorem 1, each of the input Interval Type-2
MFs, Fi,j can be broken down into a collection of ET1
k
membership sets Fi,j
as follows:
Fi,j =

ni,j
X

k
Fi,j

0
0
0
the crisp value x1 belongs to F1,1
, F1,2
, and F1,3
, with the
0
0
membership values of F1,1 (x1 ) = 0.2, F1,2 (x1 ) = 0.8, and
0
F1,3
(x1 ) = 0, which are known as the fuzzified value of x1 .

B. Rule Sets
The Rule Sets are a predetermined set of linguistic rules
indicating which fuzzy outputs are created from different
fuzzy input combinations. As an example, in a system with
2 inputs and one output, one of the rules could be:

(7)

k=1
k
Where Fi,j
represents a particular ET1 MF in Fi,j , and
ni,j represents the maximum number of ET1 MFs in Fi,j .
Fig. 3b, shows a typical decomposition for input Xi . Now,
for each Membership Function, Fi,j , we arbitrarily pick one
k
0
of ET1 MFs, Fi,j
and will denote it Fi,j
. Fig. 3c shows
this new set of ET1 MFs for input Xi . We repeat the same
procedure for all input variables. This results in a set of Type1 Membership Functions for all input variables for which
we can apply a method similar to conventional TSK fuzzy
control techniques. Then, we will aggregate the results for
all possible choices of decomposed ET1 MFs.
2) Fuzzifying the input variables: The Fuzzifier block
maps the crisp input variables to fuzzy membership values
between 0 and 1. Fig. 4 illustrates how crisp values x1 ∈ X1
and x2 ∈ X2 can be mapped to fuzzy values using the
selected ET1 MFs discussed in Section III-A.1. In this figure,

0
0
R1 : IF x1 is F1,2
, and x2 is F2,3

THEN y 1 = c10 + c11 x1 + c12 x2

(8)

In general, for any multi-input-single-output system, the
lth rule, Rl , l = 1, , m, will be as follows:
Rl : IF x1 is F1l , and . . . and xp is Fpl
THEN y l = cl0 + cl1 x1 + · · · + clp xp

(9)

Where Fpl represents the chosen ET1 MF of the corresponding Fp,j , and y l is the output value, which is a linear
combination of the inputs. With the defined Rule Set, we
now proceed to calculate Firing Levels and Rule Outputs for
each rule.
C. Rule Firing Levels
In the Firing Level block, we calculate the firing level for
each rule in the Rule Set. The Firing Level can be seen as a

(c)

(b)

(a)

Fig. 5: (a) Rule Output function constants. (b) Discretization
0
of the output function constants. (c) Selected crisp value cli .
weight or influence of a particular rule on the overall output.
0
The firing levels f l are calculated using the set of fuzzified
0
inputs, Fi,j (xi ) discussed in Section III-B. The firing level
for lth rule is the t-norm of these fuzzy values as indicated by
the Rule Set. As an example, for the rule, R1 , defined in (8),
and the fuzzified values shown in Fig. 4, the firing level will
0
0
0
(x1 ) ∗ F2,3
(x2 ) = 0.8 ∗ 0.7 = 0.56. In general,
be f 1 = F1,2
the firing level of rule l for any Multi-Input-Single-Output
system can be given as:
0

f l = F1l (x1 ) ∗ F2l (x2 ) ∗ · · · ∗ Fpl (xp )

(10)

D. Processing the Rule Outputs
Similar to the conventional TSK control technique [9],
here we consider the output for each rule as a linear
combination of the crisp inputs as follows:
y l = cl0 + cl1 x1 + · · · + clp xp

(11)

The difference here is that to capture the uncertainty in
the output, the coefficients c0 , c1 ,. . . , cp are Interval Type1 fuzzy sets, and so is the rule output, yl . Fig. 5a, shows
the coefficient cli which is described by a Type-1 fuzzy set
bounded by cli and cli .
These IT1 constants allow us to express uncertainties
in the output measurements similar to how IT2 functions
convey uncertainties in the input measurements.
To better express the Rule Outputs, we can break down the
IT1 constants into a set of several (infinite) crisp constants
similar to the IT2 breakdown in Section III-A.1. For each
0
constant cl0 , we can pick a single crisp value cli to be used
in the calculation of the Rule Output as shown in Fig. 5b
and Fig. 5c.
0
0
0
For a particular choice of cl0 , cl1 ,. . . ,clp the output for the
lth rule is:
0

0

0

0

y l = cl0 + cl1 x1 + · · · + clp xp
0

(12)
0

0

This will lead to crisp rule outputs y 1 , y 2 ,. . . ,y m for
each rule l = 1, 2, . . . , m, for the chosen set of crisp values
of output coefficients.
E. Interval Type-2 Output Processing
Recall in Section III-A, we broke down the IT2 memberships into a set of ET1 memberships which led to the
calculation of the rule firing levels in Section III-C. Using
this method, we can find the firing levels for the rules as
0
0
0
f 1 , f 2 ,. . . ,f m for a particular choice of ET1 memberships.

Fig. 6: All Possible TSK Outputs
Also, in Section III-D we broke down the IT1 rule output
MFs into a set of crisp constants which led to the calculation
of the rule outputs. For a particular choice of ET1 member0
ships and output coefficients, we will find the outputs y 1 ,
0
0
y 2 ,. . . , y m .
The Output processing block takes the Rule Outputs and
their respective Firing Levels and calculates the weighted
average output as follows:
Pm i0 i0
i=1 f y
(13)
YT SK = P
m
i0
i=1 f
This leads to a single crisp output calculated from the
chosen ET1 MFs and output coefficients. However, different
choices of ET1 MFs and output coefficients lead to different
output values. Then, the output is the collection of all
weighted output calculated for different set of ET1 MFs
and output coefficients. Since all input fuzzy sets and output
coefficients are assumed to be connected sets, the collection
of weighted outputs for different choices of ET1 MFs and
output coefficients form a connected IT1 fuzzy set will be
a connected interval Type-1 set bounded by yl and yr , as
shown in Fig. 6. The lower bound can be found as follows:
(
Pm i0 i0 )
i=1 f yl
yl = min YT SK = P
(14)
m
i0
i
i
f ,f
i=1 f
0

Where yli are the minimum values for y i ; also, f i and f i
0
are the minimum and maximum values of f i , i = 1, . . . , m.
Similarly, the upper bound can be found as follows:
(
Pm i0 i0 )
i=1 f yr
yr = max YT SK = P
(15)
m
i0
f i ,f i
i=1 f
0

Where yri denotes the maximum values for y l . The
0
0
minimum and maximum value of y i and f l can be found
as follows:
0

f l = F1l (x1 ) ∗ F2l (x2 ) ∗ · · · ∗ Fpl (xp )

(16)

f l0 = F1l (x1 ) ∗ F2l (x2 ) ∗ · · · ∗ Fpl (xp )

(17)

yli

clp xp

(18)

yri = cl0 + cl1 x1 + cl2 x2 + · · · + clp xp

(19)

=

cl0

+

cl1 x1

+

cl2 x2

+ ··· +

Where Fpl and Fpl represent the lower and upper ET1 MF,
which are the bounds of their corresponding input IT2 MF,
Fp,j , mentioned in Section III-B.

F. Defuzzification
Once the final upper and lower bounds of weighted
outputs, yl and yr are calculated, we will have the output
value as an Interval Type-1 fuzzy set, which was shown in
Fig. 6. We now should convert this output fuzzy set to a crisp
value as the control output to be applied to the plant. This
process, known as defuzzification, can be shown for this type
of fuzzy sets by averaging the upper and lower bounds as
follows:
yl + yr
(20)
y=
2
This final crisp output, y represents the final response of
the IT2 TSK FLC for the crisp inputs x and v. The interval
[yl , yr ] represents its associate uncertainty range.
G. Refining the algorithm for the Interval Type-2 TSK Fuzzy
Controller
Although for the proof of concept, we went through a
long procedure including the decomposition of the input
fuzzy sets into ET1 fuzzy sets (discussed in Section IIIA.1), and the rule outputs into sets of crisp output values
(discussed in Section III-D), but at the end, as we presented
in Section III-E and III-F, only the upper and lower bounds of
input membership functions and coefficients of output rules
are enough to calculate the control output. This reduces the
computation cost and simplifies the process remarkably. The
procedure for processing the output value of the proposed
control structure is described in Algorithm 1.
Algorithm 1 Interval Type-2 TSK Fuzzy Control
Input: crisp inputs, rule base & input and output MFs
Output: crisp output control signal & uncertainty range
Begin Procedure
Step 1: For the given set of input signals, compute upper and
lower bound for the firing level of each rule (f i and f i ), i =
1, . . . , m using (16) and (17).
Step 2: For the given set of input signals, compute upper and
lower bound for the rule outputs (yli and yri ), i = 1, ..., m, using
(18) and (19).
Step 3: Compute the upper and lower bounds for the output
signal (yl and yr ) using (14) and (15).

IV. SIMULATION RESULTS
To verify the proposed control algorithm, we have applied
it to a cart centering problem. In this problem, assume that
a cart on a frictionless plane is forced to the center position
of the plane. The inputs to the controller are the position, x,
and the velocity, v, of the cart at a given time, t, while the
control signal is the applied force, F . The cart dynamics can
be described as:
1 F (t) 2
τ
(21)
x(t + τ ) = x(t) + v(t)τ +
2 m
F (t)
v(t + τ ) = v(t) +
τ
(22)
m
Where τ is the controller sampling time, and m is the mass
of the cart. The problem is, having the cart at the initial
position, x0 , with the initial velocity, v0 , how can we design
a T2 FLC to apply the force, F , to bring the cart to the
center, x = 0, and keep it there with v = 0.

Fig. 7: The Cart Centering Problem
The initial position, x0 is restricted from -0.5m to 0.5m.
The initial velocity v0 , is restricted from -0.5m/s to 0.5m/s.
The output force F is restricted from -0.16N to 0.16N . The
sampling time and mass used are τ = 0.1s and m = 0.2kg.
For the cart centering control, we have X1 = x and
X2 = v as the control inputs with each input membership
function composed of 5 fuzzy sets, namely: negative large
(NL), negative small (NS), zero (0), positive small (PS) and
positive large (PL), shown in Fig. 8a and Fig. 8b.
The distance between the upper and lower MFs represents
the uncertainty of the sensor reading for the position and
velocity inputs. The ranges of the upper and lower MFs for
each of the 5 fuzzy sets are shown in Table I.
TABLE I: Range of values for the Upper and Lower MFs
for both the Position and Velocity MFs.

Step 4: Compute the output control signal y using (20).
Step 5: Return output control signal, y and uncertainty range,
[yl and yr ].
Step 6: IF there is a new input signal,
Go to Step 1
Else, wait for new input signal

NL
NS
0
PS
PL

Upper MF
-0.75 to -0.20
-0.55 to 0.05
-0.30 to 0.30
-0.05 to 0.55
0.20 to 0.75

Lower MF
-0.75 to -0.30
-0.45 to -0.05
-0.20 to 0.20
0.05 to 0.45
0.30 to 0.75

End Procedure

Remark 1: Note that Step 1 and Step 2 are independent
and can be processed in parallel thus contributing to reduced
computation time. This is possible through the use of the
TSK technique.

(a)

(b)

Fig. 8: IT2 Membership Functions for (a) Position, and (b)
Velocity, of the cart centering problem.

The rule outputs are in the form of y l = cl0 , l = 1, . . . , 5,
where rules l = 1, 2, . . . , 5 represent the labels NL, NS, 0,
PS and PL. Table II gives the range of values of each Rule
Coefficient. The rule base for this cart centering problem is
shown in Table III.
TABLE II: Rule Coefficient Center and Range Values
Rule
number
1
2
3
4
5

Rule
label
NL
NS
0
PS
PL

Center

Range

-0.16
-0.08
0
0.08
0.16

-0.18 to -0.14
-0.10 to -0.06
-0.02 to 0.02
0.06 to 0.10
0.14 to 0.18

ACKNOWLEDGMENT

TABLE III: Rule Base for the Cart Centering Problem

v (velocity)

NL
NS
0
PS
PL

x (position)
NS
0
PS
PL
PL
PS
PL
PS
0
PS
0
NS
0
NS
NL
NS
NL
NL

NL
PL
PL
PL
PS
0

PL
0
NS
NL
NL
NL

An example rule taken from the table is:
IF position is NS, and velocity is PL, THEN force is NS
To demonstrate the controller’s noise handling capabilities,
a uniformly distributed two-fold noise is introduced into the
system. The noise is introduced into the input signals for
position and velocity, before control processing, to simulate
sensor noise. Noise is also added to the force output, after
control processing, to simulate actuator noise. The noise
range used is -0.03 to 0.03 for both position and velocity.
Now, for initial conditions x0 = 0.5m and v0 = 0.5m/s,
the position, velocity, and control signal are calculated using
the proposed IT2 TSK FLC algorithm. The results are shown
in Fig. 9a and Fig. 9b.
without noise
with noise

0.6

0.5

without noise
with noise

velocity (m/s)

position (m)

0.4
0.2
0
−0.2

0

−0.4
−0.6
0

2

4
time (s)

(a)

6

−0.5
0

2

advantage of Fuzzy type-2 controller, and on the other hand,
significantly reduces the computation cost by describing the
inputs using IT2 FSs and integrating the control algorithm
with the TSK control technique. The developed controller
was applied to a cart centering problem and the simulation
results verified the efficacy of the algorithm. As future work,
we intend to develop an algorithm for tuning the parameters
of the proposed control structure and apply the developed
controller to a real robotic platform where we can compare
the performance of the system compared to other existing
approaches.

4

6

time (s)

(b)

Fig. 9: (a) Cart Position, and (b) Cart Velocity for x0 = 0.5m
and v0 = 0.5m/s.
As can be seen in the figures 9a and 9b, the controller can
successfully handle the noise and brings the cart to the center
and will keep it there with zero velocity, from its initial point,
smoothly and with little oscillation.
V. CONCLUSION AND F UTURE W ORK
In this paper, we developed a IT2 TSK FLC algorithm.
The proposed control algorithm, on the one hand, takes
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