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Abstract— This paper develops a symbolic technique for the
control and path planning of autonomous vehicles in adversarial
environments. We consider the objective of the autonomous
vehicle as visiting a set of targets sequentially, while avoiding a
dynamic adversarial (defending) vehicle. To address this multitarget dynamic reach-avoid path planning problem, this paper
proposes a novel efficient hybrid, correct-by-design, symbolic
solution. For this purpose, the dynamic interactions between
the vehicles and their logical behaviors are captured in the form
of General Reactivity(1), and then a hybrid control system is
constructed to generate winning trajectories, which satisfy the
objective of the attacking autonomous vehicle. The proposed
technique is verified through several simulations and the results
show the effectiveness of the developed algorithm.
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I. INTRODUCTION
During the last decays, many types of autonomous vehicles
have been developed such as autonomous cars [1], [2] or
unmanned aerial, sea surface, or underwater vehicles [3]–
[6]. The first step toward constructing the autonomy architecture of these vehicles is to develop low-level controllers
that stabilizes them and take care of their attitude control.
Then, an effective motion planning mechanism is needed
to enable these vehicles to be autonomously driven in a
given environment. Motion planning problem in the most
basic form is defined as the path planning for vehicles
to transit from an initial position to the desired position,
while avoiding obstacles, all in a static setup. In this sense,
motion planning in a static environment has been widely
addressed in the literature [7]–[11]. Recent technological
advances in autonomous vehicles, however, have enabled
the development of advanced motion planning techniques to
accomplish more sophisticated tasks in more complex and
dynamic environments. Moving toward motion planning in
dynamic environments, a common approach is to formulate
these problems as a pursuit-evasion game [12]–[15], and
use different techniques such as probabilistic formulations
[16]–[22] or differential games [23], [24]. These techniques
commonly suffer from high computation cost and are not
flexible enough to be extended to more complex setups. For
example, consider the planning and control for an attacking
vehicle in a complex scenario, requiring the vehicle to visit
multiple target regions in a single attempt, while avoiding an
The authors are with the Department of Electrical and Computer Engineering, North Carolina Agricultural and Technical State University,
Greensboro, NC 27411 USA.
Corresponding author: A. Karimoddini. Address: 1601 East Market Street, Department of Electrical and Computer Engineering North
Carolina A&T State University Greensboro, NC, US 27411. Email:
akarimod@ncat.edu (Tel: +13362853313).

adversarial competitive defending vehicle, which is beyond
these existing techniques.
Therefore, in this paper, we address the Multi-target
Dynamic Reach-avoid problem (MTDRA), in which the
attacker aims at attacking a sequence of targets in particular
order, while avoiding the defender as a dynamic adversarial
obstacle. To address this problem, we employ symbolic
planning techniques over a partitioned environment within
the context of hybrid supervisory control theory [25]–[30].
To capture the requirements of the attacker and the defender
as well as their conflicting objectives, we use linear temporal
logic (LTL) [31], [32] which is a semi-natural language,
capable of describing complex high-level tasks. Reactive
synthesis techniques [33]–[35] are then applied to capture the
competing interactions between the attacker and the defender
and to achieve winning strategies for the attacker, satisfying
the desired specifications and requirements. Finally, a hybrid
controller is designed to calculate continuous control signals
for driving the attacker vehicle over the partitioned region.
The paper provides descriptive examples to illustrate the
implementation of the proposed algorithm. Simulation results
are provided to verify the efficacy of the proposed method.
The rest of the paper is organized as follows: In Section II, the MTDRA problem is formulated. Section III
describes the procedure to capture vehicles’ requirements and
specifications. Section IV explains synthesizing discrete and
continuous controllers for the attacking vehicle involved in
MTDRA scenario. Finally, section V concludes the paper.
II. P ROBLEM F ORMULATION
The vehicle’s dynamic in multi-target dynamic reach-avoid
(MTDRA) scenario, is considered as follows:
ẋ(t) = u(t)

(1)

where x(t) ∈ P ⊂ R2 is the position of the vehicle within
a bounded 2D operation region P , and u(t) ∈ U ⊂ R2 is
the control input. We assume that both vehicles move with
maximum velocity of Vm .
The operation takes place in a region represented as a
bounded set P ⊂ R2 . To manage the complexity of the problem and to employ symbolic motion planning techniques, we
partition the environment P into finite disjoint rectangular
regions Pij such that:
[
P =
Pij
(2)
i∈{1,··· ,n},j∈{1,··· ,m}

where Pij ∩ Plk = ∅ for all (i, j) 6= (l, k).
To capture real-time discrete position of both vehicles
over these partitions, we define attacker Boolean sensors
aij and defender Boolean sensors dij , over partitions, Pij ,

i ∈ {1, · · · , n}, j ∈ {1, · · · , m}. The truth evaluation of
these Boolean propositions changes whenever the vehicles
move to a different partition. Since they can only be in one
partition at a time, the sensor variable with the same index
of that partition, where they are located in, is T rue and the
rest are F alse. We define sets A and D containing these
variables as follows:
A = {aij } ,

i ∈ {1, . . . , n}; j ∈ {1, . . . , m}

D = {dij } ,

i ∈ {1, . . . , n}; j ∈ {1, . . . , m}

(3)

We assume that the number of targets is Nt and they
should be visited in a pre-determined order. For each
target k ∈ {1, · · · , Nt } located in Pik ,jk , we define a
Boolean proposition tik ,jk , and the set T , which contains
all these propositions. Finally, we define a proposition
“Accomplished” which is T rue when the attacker visits all
the targets. Having this information, we can then capture all
the assumptions, requirements and objectives of the vehicles
as LTL formulas in the form of General Reactivity(1).
The multi-target dynamic reach-avoid (MTDRA) problem
can then be described as follows:
Problem 1: Consider an attacking vehicle with the continuous dynamics in (1) driven over the region P described
in (2). Also, consider the attacker objective is to visit
targets with positions xt1 , · · · xtN , xtk ∈ R2 , in order, while
avoiding the defender which tries to capture the attacker
before it accomplishes its objective. Design a controller, u(t),
for the attacker so that the attacker’s path, x(t) ∈ P ⊆ R2 ,
satisfies its desired objective.
III. S PECIFICATION OF A M ULTI - TARGET R EACH - AVOID
S CENARIO

where ϕe contains all the assumptions about the environment,
and ϕs represents the assumptions on the system and its
desired behavior. Formulas ϕe and ϕs are the conjunction of
some sub-formulas in all three forms of B, B and ♦B,
where B could be a Boolean or temporal formula.
B. Assumptions and Requirements of the Vehicles in a MTDRA Scenario
Considering the defender vehicle as part of the environment of the attacker, we use GR(1) over the proposition set
Σ = A ∪ D ∪ T ∪ {Accomplished} to describe the MTDRA
problem in the form of:
ϕ = ϕd → ϕa

where ϕd and ϕa capture the assumptions and requirements
of the defender and the attacker, respectively. Formulas
ϕd and ϕa can be represented as the conjunction of five
subformulas:
ϕd = ϕdinit ∧ ϕdsing ∧ ϕdterm ∧ ϕdrul ∧ ϕdobj
ϕa =

The requirements and high-level constraints of the vehicles
can be captured by Linear temporal logic (LTL) formulas
[32]. An LTL formula, ϕ, is constructed over a finite set of
atomic propositions, Σ, using
W the standard boolean operators
(negation, ¬, disjunction, ), and the temporal operators
(next , until U).
ϕ ::= p | ¬ϕ | ϕ ∨ ϕ |

ϕ | ϕ Uϕ

(4)
V

Other Boolean operators (such as conjunction, , and
implication, →) and other temporal operators (such as eventually, ♦, and always, ) can be constructed based on the
aforementioned list of operators in (4).
Consider Σ as the set of all propositions and σ =
σ0 , σ1 , . . . as a sequence of truth assignments to propositions
in Σ, where σi is the set of propositions at position i. We
say σ, i  ϕ if ϕ is true at position i ≥ 0 of σ.
A special class of LTL formulas is General Reactivity(1)
(or simply GR(1)), which provides an appropriate format to
describe the specifications in a dynamic environment, where
there are interactions between the system and its environment
[33], [34]. A GR(1) formula can be described as:
ϕ = ϕe → ϕs

(5)

ϕainit

∧

ϕasing

∧

ϕaterm

∧

ϕarul

∧

ϕaobj

(7)
∧

ϕaopt

(8)

where for r ∈ {a, d} we have,
•
•
•

•
•
•

A. Linear Temporal Logic

(6)

ϕrinit describes the initial value of all propositions in
A ∪ D ∪ T ∪ {Accomplished},
ϕrsing describes the singularity requirement, which requires each vehicle to be only in one of the partitions,
ϕrterm describes the termination condition, which requires that no change occurs after the game is over (one
of the vehicles reaches its objective),
ϕrrul describes the transition rules,
ϕrobj describes the objectives of the vehicles,
ϕaopt describes the optimal discrete transition rules for
the attacker.

The following example explains how to capture these
formulas for the vehicles in a multi-target dynamic reachavoid scenario described in Problem 1.
Example 1: We consider the environment that is partitioned into 68 disjoint cells with targets T1 , T2 , and T3
located in regions P23 , P35 and P57 , respectively. Assume
that the initial positions of the defender and the attacker are
P41 and P11 , respectively. This configuration has been shown
in Fig. 1.
The defender is initially in partition P41 . Therefore ϕdinit
will be:
ϕdinit = d41 ∧ (¬d11 ∧ · · · ¬d35 ∧ ¬d42 ∧ ¬d68 )

(9)

The attacker is initially in P11 , and the first target to be
visited is T1 . Therefore ϕainit will be:
ϕainit = a11 ∧ (¬a12 ∧ · · · ∧ ¬a68 ) ∧ t1 ∧ ¬t2 ∧ ¬t3 (10)
∧ ¬Accomplished
According to the singularity requirement, each vehicle can
physically be in only one partition of P at a time, and hence,
only one of the vehicles vector propositions can be T rue.
The singularity requirement for the defender can be captured

and the termination requirement for the attacker is:
ϕaterm = [((Accomplished ∨ (d11 ∧ a11 )) →

a11 )
(14)

∧ ((Accomplished ∨ (d12 ∧ a12 )) →
..
.

a12 )

∧ ((Accomplished ∨ (d67 ∧ a67 )) →

a67 )

∧ ((Accomplished ∨ (d68 ∧ a68 )) →

a68 )]

We assume that the vehicles can transit to the adjacent
regions only through the edges not the vertices of the cells.
So, for the transition rules of the defender we have:
ϕdrul = [(d11 → ( d12 ∨
Fig. 1. Configuration of an example of multi-target dynamic reach-avoid
scenario. The targets are in regions P23 , P35 and P57 , and the attacker and
the defender are initially in regions P11 and P41 , respectively.

by the following temporal formula:
ϕdsing

=[(d11 ∧ (¬d12 ∧ ¬d13 ∧ · · · ∧ ¬d68 ))

(11)

∨ (d12 ∧ (¬d11 ∧ ¬d13 ∧ · · · ∧ ¬d68 ))
..
.
∨ (d67 ∧ (¬d11 ∧ ¬d12 ∧ · · · ∧ ¬d66 ∧ ¬d68 ))
∨ (d68 ∧ (¬d11 ∧ ¬d12 ∧ · · · ∧ ¬d67 ))]

^

∨ (a67 ∧ (¬a11 ∧ ¬a12 ∧ · · · ∧ ¬a66 ∧ ¬a68 ))
∨ (a68 ∧ (¬a11 ∧ ¬a12 ∧ · · · ∧ ¬a67 ))]

∧ (d13 → ( d12 ∨
..
.

d14 ∨

d23 ))

∧ (d67 → ( d66 ∨

d57 ∨

d68 ))

∧ (d68 → ( d67 ∨

d58 ))]

a21 ))

d11 ) (13)

∧ ((Accomplished ∨ a12 ) ∧ d12 →
..
.

d12 )

∧ ((Accomplished ∨ a67 ) ∧ d67 →

d67 )

∧ ((Accomplished ∨ a68 ) ∧ d68 →

d68 )]

(16)

∧ (a12 → ( a11 ∨

a22 ∨

a13 ))

∧ (a13 → ( a12 ∨
..
.

a14 ∨

a23 ))

∧ (a67 → ( a66 ∨

a57 ∨

a68 ))

∧ (a68 → ( a67 ∨

a58 ))]

[((a23 ∧ t1 ∧ ¬t2 ∧ ¬t3 ) →
∧ ((a35 ∧ t1 ∧ t2 ∧ ¬t3 ) →
∧ ((a57 ∧ t1 ∧ t2 ∧ t3 ) →

Once either of the vehicles achieve its goal, the game is
over and both vehicles stay at the place they are and do not
make any new decision. This occurs if the attacker visits
all the targets, which means Accomplished is true, or if
the defender captures the attacker, which happens when both
the attacker and the defender are in the same region, i.e.,
(aij ∧ dij ) is true for some i ∈ {1, · · · m} and j ∈ {1, · · · n}.
The termination requirement for the defender, therefore, can
be described as:
ϕdterm = [((Accomplished ∨ a11 ) ∧ d11 →

d13 ))

ϕarul = [(a11 → ( a12 ∨

(12)

∨ (a12 ∧ (¬a11 ∧ ¬a13 ∧ · · · ∧ ¬a68 ))
..
.

(15)

d22 ∨

Similar rules hold for the attacker. In addition, we assume
that initially the attacker aims at visiting the target t1 . Once
it reaches t1 , then it targets for t2 , then t3 , and finally, when
it visits t3 , the proposition Accomplished becomes true.
Considering all these requirements for the attacker, ϕarul will
be:

Similarly, for the attacker, we have:
ϕasing =[(a11 ∧ (¬a12 ∧ ¬a13 ∧ · · · ∧ ¬a68 ))

d21 ))

∧ (d12 → ( d11 ∨

t2 )
t3 )]
Accomplished)]

To address problem 1, the objective of the attacker is
to capture the targets in a defined order. Using LTL, this
complex mission can be easily expressed as:
ϕaobj = ♦(a23 ∧ (♦(a35 ∧ ♦a57 )))

(17)

The opponent (defending) vehicle, however, is not under
our control, and hence, its objective can be trivially written
as ϕdobj = ♦T rue.
C. Optimal Discrete Decision Making for the Attacker
The formula ϕarul in (8) describes the feasible transitions
of the attacker which are based on this assumption that the
players should transit to the next region through the edges
of their current region. ϕarul then, is conjuncted with optimal
transition rules, ϕaopt . To find these optimal strategies, we
propose to utilize a finite two-player zero-sum game in a

matrix form to make a decision at each step for the attacker,
according to the current status of the vehicles. For this
purpose, we define the game’s objective function as:

(18)
x0d

where,
are possible next regions of the attacker and the
defender, respectively; xt is the position of the next target;
k.k is norm 2, and α and β are tuning coefficients factors.
In this game, the vehicles share the same objective function
(18). However, the attacker wants to minimize this objective
function, while the defender wants to maximize it. By using
this game configuration, the attacker will try to make the
best decision by minimizing the cost function in (18), which
requires the attacker to avoid the defender by maximizing the
distance between the two vehicles, kx0a − x0d k, and to reach
the target by reducing its distance from the target, kx0a −xt k.
If the attacker and the defender are in the same region (the
attacker is captured by the defender, x0a = x0d ), or the attacker
reaches the target (x0a = xt ), the game is over. As the first
player, the attacker tries to independently and conservatively
minimize its loss to make an optimal decision. To illustrate
this procedure, consider the following example:
Example 2: In Example 1, consider an arbitrary step of
the game in which the defender and the attacker are at P61
and P11 , respectively, and the attacker aims to visit target T1
located in P23 (See Fig. 1). Let α = 1 and β = 5. Requiring
to stay within P , and assuming that the vehicles can only
go to their immediate vertical or horizontal neighbors, both
vehicles have two options: the defender can go to either P62
or P51 , and the attacker can go to P12 or P21 . Using the
objective function in (18), this game is represented in the
following matrix form:
attacker

defender

P12

P21

P52

2.25

2.58

P41

2.58

3.5

ϕaopt =

^

[ts ∧ (aij ∧ dlk )) →

i,j,l,k,s

_

af g ] (20)

(f,g)∈Qij

[(i, j) ∈ M, (l, k) ∈ M − (i, j), s ∈ {1, · · · k}]


0
0

∞, if xa = xd
0
0
0
L(xa , xd ) = 0, if xa = xt , x0d 6= xt


αkx0a − xt k + β/kx0a − x0d k, otherwise
x0a

will be:

in which the optimal solution for the attacker, as the first
player, will be transiting to the region P12 which minimizes
the maximum loss as:
min max{{2.25, 2.58}, {2.58, 3.5}} = 2.58
Therefore, when the target is in P23 , and the current
position of the attacker and the defender are P11 and P61 ,
the optimal decision for the attacker is to choose P12 as its
next destination. The temporal formula which describes this
optimal strategy will be:
[t1 ∧ (a11 ∧ d61 )) → a12 ]
(19)
In general, the complete formula for the attacking agent

where ts is the current target to be reached; s is the index of
the current target; Qij contains the set of index of all desired
regions in the neighborhood of aij (which are actually the
solutions of the finite zero-sum game with the objective
function in 18), and M = {(i, j)|i ∈ {1, . . . m}, j ∈
{1, . . . n}} is the set of all indices for the regions in P .
Remark 1: For a game environment with n × m regions
and k targets, k(nm(nm − 2)) zero-sum games need to be
solved, to extract the transition rules for the attacker.
IV. H YBRID C ONTROLLER S YNTHESIS
We provide the solution of Problem 1 in two steps. First,
we design a discrete controller to derive discrete strategies
satisfying the specification ϕ in (6). Then, we design a hybrid
controller to generate continuous winning paths satisfying
this specification.
A. Discrete Controller Design
Here, we synthesize the discrete controller as a finite
state machine which satisfies the GR(1) formulas (if they
are realizable). For reactive formula of type GR(1), [33]
introduced an algorithm which has two steps. It first checks
the realizability of the specification by evaluating a fixedpoint equation, and then for the realizable formula, the
algorithm synthesizes the winning strategy satisfying that
formula. For detailed information about this process, we refer
readers to [34].
Applying this algorithm to Problem 1 with the specification ϕ = (ϕd ⇒ ϕs ), the attacker always wins if ϕ is
realizable, resulting is an automaton G = (Q, q0 , D, δ, L, X )
where:
• Q = N × A is the set of discrete states,
• q0 = (1, a0 ) is the initial state,
• D is the set of input propositions (defender’s moves),
• δ : Q × D → Q is the transition relation,
• L : Q → A is the labeling function,
• X is the set of final states.
If the automaton G is at state qk , the current position of the
defender dk+1 ∈ D is considered as input to G, and causes a
transition from qk to qk+1 , denoted by δ(qk , dk+1 ) = qk+1 ,
dk+1

and shown by qk −−−→ qk+1 . The newly generated output
label at state qk+1 will be ak+1 = L(qk+1 ) ∈ A. Based
on the moves of the defender, a set of input labels will be
received by G in the form of d0 , d1 , . . . . The automaton G,
then, executes a run in the form of r = q0 , q1 , . . . , which
is a sequence of states starting from the initial state q0 ,
d0
d1
where q0 −→
q1 −→
q2 . . . . Correspondingly, a sequence
of labels L = L(q0 ), L(q1 ), L(q2 ), . . . = a0 , a1 , a2 , . . . will
be generated as the discrete path for the defender. Since the
formula ϕd has considered all possible transitions (decisions)
of the defender, all admissible sequences of decisions of the

defender can be reacted by a sequence of actions of the
attacker, leading the attacker to win.
B. Hybrid Controller Design
In order to convert the generated discrete path to smooth
continuous signals driving the attacker over the partitioned
space, we use the method we proposed in [27] to construct
a hybrid controller. Due to the bisimulation relation between
the original system with a multi-affine dynamics and its
abstract model, shown in [27], it can be guaranteed that the
generated continuous signals preserve the properties of the
discrete path.
C. Results
For Example 1, the automaton for the attacker is synthesizable and it is constructed using the described method
as shown in Fig. 2. In this figure, the nodes represent the
activated (true) attacker sensors, which means the position
of the attacker. The defender sensors are not shown on the
edges of the automaton graph.
A hybrid controller is designed where the simulation
results are shown for two different actions of the defender
in Fig. 3. Based on the derived automaton G, the control
strategy is computed for the initial position of region P11
for the attacker, and region P41 for the defender.
In Fig. 3(a), we show a behavior of the
defender as a red curve, which is interpreted
for the attacker as the discrete input sequence
d41 , d31 , d21 , d22 , d32 , d33 , d34 , d44 , d45 , d46 , d47 . Observing
these discrete decisions of the defender at each position, the
attacker makes an optimal decision, about its next transition,
according to the automaton G, which generates the discrete
path a11 , a12 , a13 , a23 , a24 , a25 , a35 , a36 , a37 , a47 , a57 .
This discrete path is translated to a continuous signal,
shown in blue, driving the attacker within P . As it can
be seen, the proposed algorithm is capable of creating
a winning strategy, so that the attacker can visit all
three targets before being captured by the defender
and win the game. Figure 3(b) shows the result of
the same procedure for a different behavior of the
defender d41 , d31 , d21 , d22 , d23 , d24 , d25 , d35 , d36 , d46 , d47 ,
which is reacted by the attacker’s decision sequence
a11 , a12 , a13 , a23 , a24 , a25 , a35 , a45 , a46 , a56 , a57 , and again
confirms victory for the attacker.
V. CONCLUSION
In this paper, we developed a novel effective symbolic
framework for motion path planning of an autonomous
attacking vehicle involved in a multi-target dynamic reachavoid (MTDRA) scenario. This problem was formulated
within reactive synthesis framework GR(1) to describe all
the assumptions and requirements of the vehicles as well
as their interactions and conflicting objectives. Illustrative
examples were provided to describe the implementation of
the proposed approach.

Fig. 2.
Some parts of the Synthesized automaton G for the attacker
in Example 1. The nodes show the true attacker sensor, which means
the position of the attacker. The edges are defender sensors, where
D35 = {d24 , d25 , d26 , d65 }, D3 6 = {d25 , d26 , d35 , d37 }, D46 =
{d25 , d26 , d35 , d36 , d37 , d38 , d45 , d47 }, and d∗ represents all possible
defender’s position information.
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