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Abstract—This study considers offline identification of switched
linear MIMO systems using measurements from their inputs and
outputs. This is a class of non-convex optimization and ill-posed
problems. To convert this optimization into a binary integer
programming problem, the proposed approach assumes that the
number of switches among the subsystems is upper-bounded.
The state-space realization of each sub-system is found by the
subspace identification. The proposed approach does not need the
tuning of the moving window size or any penalization factor. The
algorithm efficiency is evaluated through numerical simulations.
The results indicate that the error of identification is small and
the eigenvalues of sub-systems are estimated successfully.

I. I NTRODUCTION
Switched linear systems are one of the types of hybrid
systems. They consist of several sub-systems which are activated by a switching mechanism [1]. The aim of switched
system identification is to find the mathematical models of
sub-systems and times of switchings from the measured noisy
inputs/outputs. This is a challenging problem, since there
is a strong coupling between estimation of the sub-system
parameters and assigning data into the sub-systems. Another
motivation for studying switched MIMO systems is identification and control of biological and power systems consisting
multiple input/outputs [2], [3].
The model of each sub-system might be in autoregressive
or state-space form. The switched system with autoregressive
model could directly explain the relationship between inputs
and outputs. A review of the methods for identification based
on autoregressive models can be found in [4], [5] which
are mostly for SISO systems. However, it is difficult to use
the input-output models for identifying in switched MIMO
systems. The dimension of corresponding regressor vector
is high and the matrix in least square estimation is not
full rank. As a result, proper parameter estimation is not
possible [6], [7]. Modeling of MIMO systems in the form
of state-space based on subspace identification is a common
approach in control literature. There exists a well-matured
theory for process control, observer design, system realization
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and stability analysis that relies on state-space models [8].
The identification of switched MIMO systems can therefore be
made more effective when the sub-systems are described by
minimal state-space models. However, finding the parameters
of switched state-space models is difficult, since the states are
generally unknown and thus the regression vector for least
square optimization is not available.
The identification of state-space models for switched MIMO
systems can be solved with the assumptions that the switching
times are known [9], or the value of states are measurable [6].
However in many applications, the states are not available and
these approaches are not suitable. In [10], an identification
approach is proposed that can work online, but some datasets
might be lost during the switching transition. In [11], the inputoutput data are projected into a higher dimensional space and
then are clustered. In [12], a relaxation is added to convert
the identification problem into a convex optimization with a
need to tune a regularization parameter in noisy conditions.
Several other studies have proposed methods based on a
sliding window, e.g. machine learning techniques [13], chisquare test [14], projected subspace [15] and least square
[16], where the data under the window are assigned to one of
the sub-systems. However, choosing the length of the moving
windows highly affects the accuracy of clustering.
This paper proposes an identification technique for switched
MIMO systems. The proposed approach does not need tuning
the length of sliding window. Moreover, it is not necessary
to tune any real-valued hyper-parameters (such as the penalization factor). Instead, a little subset of integer-valued hyperparameters from a finite set of possible structures are tuned.
Thus, it does not require time-consuming model selection
approaches such as exhaustive grid search. As a result, the
proposed method is very suitable when minimal prior knowledge about the number of sub-systems and switches of the
switched system is available. In the proposed method, we
assume that the total number of switchings in the system is
upper bounded. This assumption converts the identification
problem into a binary integer programming problem. The
proposed identification employs the Bounded-Switching (BS)
clustering algorithm [17]. In our approach we analyze the
system data in batch, and identifies the switching times and
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the sub-systems at the same time.
Therefore, the contribution of this paper is a new method
proposed to identify the switched MIMO systems utilizing the
BS-clustering and subspace identification, in order to find the
parameters of sub-systems and also the switch times. The algorithm is tested through the numerical simulations. This paper is
organized as follows. In the section II, we mathematically formulated the identification problem of switched linear MIMO
systems. In Section III, the subspace identification method is
explained which is used to find the sub-model parameters.
Section IV shows the Bounded-Switching clustering that is
applied to find the switch times. The algorithm performance
is shown through MATLAB simulations in section V. Section
VI provides the conclusions and future works.
II. P ROBLEM DEFINITION
A switched linear system could be represented as 𝑆 MIMO
sub-systems, and each sub-system is modeled as a state-space
representation, which together generate a switched MIMO
system. Each sub-model could be represented in discrete-time
linear state-space time as below [16], [14]:
𝑥(𝑡 + 1) = 𝐴𝑠(𝑡) 𝑥𝑠(𝑡) (𝑡) + 𝐵𝑠(𝑡) 𝑢(𝑡) + 𝑤(𝑡)
𝑦(𝑡) = 𝐶𝑠(𝑡) 𝑥𝑠(𝑡) (𝑡) + 𝐷𝑠(𝑡) 𝑢(𝑡) + 𝑣(𝑡)
𝑥(0) = 𝑥0 ; 𝑡 = {0, . . . , 𝑇 − 1}; 𝑠(𝑡) = {1, . . . , 𝑆}

(1)

Here 𝑡 is the time index, and 𝑇 is the total length of the
dataset. The 𝑦 ∈ ℝ𝑙 and 𝑢 ∈ ℝ𝑚 are the outputs and inputs
of the system respectively. The 𝑠(𝑡) ∈ {1, 2, . . . , 𝑆} and
𝑥𝑠(𝑡) ∈ ℝ𝑛 are the indices and the state of active sub-system
at time 𝑡. Furthermore, 𝑤(𝑡) and 𝑣(𝑡) are the additive process
and measurement noises. Here, Ψ𝑠 = {𝐴𝑠 , 𝐵𝑠 , 𝐶𝑠 , 𝐷𝑠 } are
the parameters of the 𝑠-th sub-model. The activation path of
sub-models and the matrices of parameters Ψ𝑠 are unknown.
Similar to [10], [16], [14], [13], we have assumed that subsystems of the switched system may have different orders. In
this case, the states of the switched system are not necessarily
continuous at switch times.
−1
from
Given the discrete pairs of generated data {𝑢𝑡 , 𝑦𝑡 }𝑇𝑡=0
the sub-systems of the switched system (1), our aim is to find
the parameters Ψ𝑠 of the switched system, the time instants
at which switching between 𝑆 sub-models occurs, and the
activated sub-model at any given time 𝑡. In this problem, a
−1
clustering approach should be applied to the data {𝑢𝑡 , 𝑦𝑡 }𝑇𝑡=0
to detect the sub-system that generated this output. In this
paper, we assume the order of sub-models, 𝑛, is known and
finite.
Assume that all of the output data, 𝑦(𝑡), 𝑡 = {0, . . . , 𝑇 −1},
is generated by only the 𝑠-th sub-model with parameters in
the form of Ψ𝑠 = {𝐴𝑠 , 𝐵𝑠 , 𝐶𝑠 , 𝐷𝑠 }. In this case, the true
states 𝑥
˜𝑠 (𝑡) and true outputs 𝑦˜𝑠 (𝑡) (without any noise) of this
hypothetical system are represented by:
˜𝑠 (𝑡) + 𝐵𝑠 𝑢(𝑡)
𝑥
˜𝑠 (𝑡 + 1) = 𝐴𝑠 𝑥
˜𝑠 (𝑡) + 𝐷𝑠 𝑢(𝑡)
𝑦˜𝑠 (𝑡) = 𝐶𝑠 𝑥
˜𝑠0 ; 𝑡 = {0, . . . , 𝑇 − 1}; 𝑠 = {1, . . . , 𝑆}
𝑥
˜𝑠 (0) = 𝑥

(2)

However, only one of the sub-models from the set of 𝑠 =
{1, . . . , 𝑆} is active at each time step 𝑡. Thus the problem of
switched system identification can be defined as minimizing
the distance between the measured output of the switched
system 𝑦(𝑡) and outputs of 𝑆 hypothetical systems in (2). This
minimum of identification error can be achieved by finding
the parameters of the switched system and also the switching
times as formulated in (3) and (4):
min 𝐽(𝜇𝑠 (𝑡), Ψ𝑠 )

(3)

𝜇𝑠 (𝑡),Ψ𝑠

𝐽(𝜇𝑠 (𝑡), Ψ𝑠 ) =

𝑆
𝑇
−1 ∑
∑

𝜇𝑠 (𝑡) ∥𝑦(𝑡) − 𝑦˜𝑠 (𝑡)∥

2

(4)

𝑡=0 𝑠=1

In (4), 𝜇𝑠 (𝑡) ∈ {0, 1} is called as the sub-model activation
function. The 𝜇𝑠 (𝑡) shows that which one of the sub-models
is active at time 𝑡, and Thus:
𝑆
∑
𝜇𝑠 (𝑡) = 1
𝑡 = {0, . . . , 𝑇 − 1}
(5)
𝑠=1

Next we define the the Distance Function ℎ𝑠 (𝑡) as the Euclidean distance between the outputs of the switched system
𝑦(𝑡) and output of the 𝑠-th sub-system. The minimization
problem of (4) is rewritten more compactly:
2

ℎ𝑠 (𝑡) = ∥𝑦(𝑡) − 𝑦˜𝑠 (𝑡)∥
𝑡 = {0, . . . , 𝑇 − 1}; 𝑠 = {1, . . . , 𝑆}

(6)

Furthermore, we augment the values of sub-model activation
functions and distance functions in two vectors 𝑀𝑠 and 𝐻𝑠
for 𝑠 = {1, . . . , 𝑆}
[
]
𝐻𝑠 = ℎ𝑠 (0) ℎ𝑠 (1) . . . ℎ𝑠 (𝑇 − 1)
[
]
(7)
𝑀𝑠 = 𝜇𝑠 (0) 𝜇𝑠 (1) . . . 𝜇𝑠 (𝑇 − 1)
The optimization problem of (4) is rewritten as [17]:
min

𝐻𝑠 ,𝑀𝑠

𝑆
∑

𝐻𝑠 .𝑀𝑠𝑇

(8)

𝑠=1

In order to find the optimal solution for this problem, it is
necessary to search among all possible paths of 𝑠(𝑡), which
is not a computationally efficient approach. In general, the
cost function in (8) is a non-convex and ill-posed optimization
problem. To solve this optimization problem, we use the
coordinate descent algorithm [18] that iteratively solves this
problem in two steps with respect to sub-model activation
functions and parameters. The sub-model parameters Ψ𝑠 are
found by the subspace identification method, and the submodel activation function 𝜇𝑠 (𝑡) are found using the BoundedSwitching clustering.
III. F INDING SUB - MODELS PARAMETERS
Suppose that 𝜇𝑠 (𝑡) is known, thus the switching times
among the 𝑆 sub-systems can be determined. When the
switches are separated by a certain minimum time, subspace
identification coupled with a clustering technique can be
used for identification [10]. Thus in order to find sub-model
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⎡
parameters, similar to [9], [13], [16], we make the assumption
that whenever the system visits a discrete state 𝑠(𝑡), it stays in
it during a certain minimum time called as dwell time. If the
sequence of discrete mode and switching times are observed
and switching signal has suitable large dwell time, then the
linear switched systems can be identified by identifying each
linear subsystem separately [19].
Knowing the switch times, the time steps 𝑡 = {0, . . . , 𝑇 −
1} are partitioned into 𝑆 segments, where the length of 𝑠th segment is 𝑇𝑠 . Each sub-model might be returning, and
become activated several times in the sequence of the submodels. As an example, a sub-system may be activated twice
in 𝑡 = {0, . . . , 100} and 𝑡 = {200, . . . , 300}. Thus these 𝑆
time partitions might be non-continuous. Then, we separate all
the pairs of {𝑢(𝑡), 𝑦(𝑡)} that belongs to the 𝑠-th time partitions,
where 𝑠 ∈ {1, . . . , 𝑆}. Assume that data for the 𝑠-th submodel is {𝑢𝑠 (𝜏 ), 𝑦𝑠 (𝜏 )} and 𝜏 = {0, . . . , 𝑇𝑠 − 1}. The goal is
to find a state-space realization for this dataset using subspace
identification technique. In this work, we use the Past Outputs
Multivariable Output-Error State-space (PO-MOESP) method
[20] to find the matrices 𝐴𝑠 , 𝐵𝑠 , 𝐶𝑠 and 𝐷𝑠 for the data
assigned to the 𝑠-th sub-model. The input/output relation of
the 𝑠-th sub-model is given by the following equations:

(9)

For simplicity of notations, we removed the subscript 𝑠 from
these four matrices and 𝑥𝑠 (0). The input/output relation for
the sub-model can be written for 𝜏 = {0, . . . , 𝑇𝑠 − 1} [21]:
𝑦(𝜏 ) = 𝐶𝐴𝜏 𝑥(0) + 𝐶

𝜏
−1
∑

𝐴𝜏 −𝑖−1 𝐵𝑢(𝑖)

+𝐶

𝐴𝜏 −𝑖−1 𝑤(𝑖) + 𝐷𝑢(𝜏 ) + 𝑣(𝜏 )

𝑖=0

(10)
The (10) can be rewritten in a matrix form as:
⎡
⎤
⎤ ⎡
𝑦(0)
𝐶
⎢ 𝑦(1) ⎥ ⎢ 𝐶𝐴 ⎥
⎢
⎥
⎥ ⎢
⎢ 𝑦(2) ⎥ ⎢ 𝐶𝐴2 ⎥
⎢
⎥ 𝑥(0)
⎥=⎢
⎢
⎥ ⎢ .. ⎥
..
⎣
⎦
⎣
. ⎦
.
𝐶𝐴𝜌−1
𝑦(𝜌 − 1)

⎡

𝒪𝜌

𝐷
𝐶𝐵

⎢
⎢
⎢
+⎢
⎢ 𝐶𝐴𝐵
⎢
..
⎣
.
𝐶𝐴𝜌−2 𝐵

0
𝐷

0
0

𝐶𝐵
..
.

𝐷
..
.
...

𝐶𝐴𝜌−3 𝐵
𝒯𝜌

0
0

𝐶
..
.

𝐷
..
.
...

𝐶𝐴

𝜌−3

𝐵

...
...
..
.
..

.
𝐶𝐵

𝒢𝜌

⎤
0 ⎡ 𝑤(0) ⎤
0⎥
𝑤(1) ⎥
⎥⎢
⎥
⎥⎢
⎢ 𝑤(2) ⎥
⎥
0⎥⎢
⎥
⎥
..
⎥⎢
⎣
⎦
.
0⎦
𝑤(𝜌 − 1)
𝐷

⎡

𝑣(0)
𝑣(1)
𝑣(2)
..
.

⎢
⎢
⎢
+⎢
⎢
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(11)

𝑣(𝜌 − 1)
where 𝜌 is the integer block size such that 𝑛 < 𝜌 ≤ 𝑇𝑠 . The
𝑂𝜌 is the extended observability matrix for the 𝑠-th sub-model
and its size is (𝑙.𝜌) × 𝑛. The 𝑇𝜌 is the block-Toeplitz matrix
with size (𝑙.𝜌) × (𝑚.𝜌).
Definition 1: The Hankel matrix of block size 𝜌 constructed
for a vector 𝑓 (𝑡) is defined as:
⎡
⎤
𝑓 (𝑡)
𝑓 (𝑡 + 1) . . .
𝑓 (𝑡 + 𝑁 − 1)
⎢ 𝑓 (𝑡 + 1)
⎥
𝑓 (𝑡 + 2) . . .
𝑓 (𝑡 + 𝑁 )
⎢
⎥
𝐹𝑡,𝜌,𝑁 = ⎢
⎥
..
..
.
.
..
..
⎣
⎦
.
.
𝑓 (𝑡 + 𝜌)

...

𝑓 (𝑡 + 𝑁 − 𝜌 − 2)
(12)
Definition 2: The row vector 𝑋𝑡,𝑁 is constructed from 𝑥(𝑡):
[
]
𝑋𝑡,𝑁 = 𝑥(𝑡) 𝑥(𝑡 + 1) . . . 𝑥(𝑡 + 𝑁 − 1)
(13)
The first subscript of 𝑋𝑡,𝑁 denotes the starting index and the
second subscript is the length of the vector.
Since the underlying sub-model is time-invariant, the (11)
can be rewritten for time-shifted inputs/outputs and states
using Hankel matrices in 𝜏 = 0, . . . , 𝑇𝑠 − 1.
𝑌𝑡,𝜌,𝑁 = 𝒪𝜌 .𝑋𝑡,𝑁 + 𝒯𝜌 .𝑈𝑡,𝜌,𝑁 + 𝒢𝜌 .𝑊𝑡,𝜌,𝑁 + 𝑉𝑡,𝜌,𝑁 (14)

𝑖=0
𝜏
−1
∑

⎢
⎢
⎢
+⎢
⎢ 𝐶𝐴
⎢
..
⎣
.
𝐶𝐴𝜌−2 𝐵

0
0

𝑓 (𝑡 + 𝜌 − 1)

𝑥𝑠 (𝜏 + 1) = 𝐴𝑠 𝑥𝑠 (𝜏 ) + 𝐵𝑠 𝑢(𝜏 ) + 𝑤(𝜏 )
𝑦𝑠 (𝜏 ) = 𝐶𝑠 𝑥𝑠 (𝜏 ) + 𝐷𝑠 𝑢(𝜏 ) + 𝑣(𝜏 )
𝑥𝑠 (0) = 𝑥𝑠0 ; 𝜏 = {0, . . . , 𝑇𝑠 − 1}

0
𝐶

...
...
..
.
..

.
𝐶𝐵

⎤
0 ⎡ 𝑢(0) ⎤
0⎥
𝑢(1) ⎥
⎥⎢
⎥
⎥⎢
⎢
𝑢(2) ⎥
0⎥
⎢
⎥
⎥⎢
⎥
..
⎥⎣
⎦
.
0⎦
𝑢(𝜌 − 1)
𝐷


where 𝑌𝑡,𝜌,𝑁 , 𝑈𝑡,𝜌,𝑁 , 𝑊𝑡,𝜌,𝑁 and 𝑉𝑡,𝜌,𝑁 are the Hankel
matrices for vector of outputs and inputs, process noises
and measurement noises. In the PO-MOESP method, proper
projections are applied to the (14) such that all of the terms
in the right hand side are removed except the term with
the extended observability matrix 𝒪𝜌 .𝑋𝑡,𝑁 . Deriving such
projections are discussed in detail in [22]. After applying these
projections, the extended observability matrix 𝒪𝜌 can be found
by the following procedure:
We define the past Hankel matrices for the inputs and
output as 𝑈0,𝜌,𝑁 and 𝑌0,𝜌,𝑁 , and also the future input and
output Hankel matrices 𝑈𝜌,𝜌,𝑁 and 𝑌𝜌,𝜌,𝑁 . Now define the
instrumental variable 𝒵 as below:
]
[
𝑈0,𝜌,𝑁
(15)
𝒵=
𝑌0,𝜌,𝑁
The LQ factorization is applied as below:
⎡
⎤ ⎡
⎡
⎤
𝑈𝜌,𝜌,𝑁
𝐿11
0
0
𝑈𝜌,𝜌,𝑁
⎢𝑈0,𝜌,𝑁 ⎥ ⎢𝐿21 𝐿22
0
⎥ ⎢
⎣ 𝒵 ⎦=⎢
⎣ 𝑌0,𝜌,𝑁 ⎦ = ⎣𝐿31 𝐿32 𝐿33
𝑌𝜌,𝜌,𝑁
𝑌𝜌,𝜌,𝑁
𝐿41 𝐿42 𝐿43

⎤ ⎡ ⎤
𝑄1
0
⎢ 𝑄2 ⎥
0 ⎥
⎥.⎢ ⎥
0 ⎦ ⎣ 𝑄3 ⎦
𝐿44
𝑄4
(16)
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The singular [value decomposition
(SVD) operator is applied
]
to the vector 𝐿42 𝐿43 :
[
]
𝐿42 𝐿43 = UΣV𝑇
(17)

function 𝑞𝑠 (𝑡) ∈ {0, 1} is defined to count the total number
of switches to/from the 𝑠-th sub-model

We take the first 𝑛 columns of the U which is denoted by 𝑈𝑛
where 𝑛 is the order of the sub-system. It is proved that 𝑈𝑛
is an estimate of 𝒪𝜌 . Thus, the estimation of matrices 𝐴 and
𝐶 can be found:

(23)

𝐶ˆ = the first 𝑙 rows of 𝑈𝑛

(18)

Take 𝑈1 as the upper (𝜌 − 1)𝑙 rows of 𝑈𝑛 and 𝑈2 as the lower
(𝜌 − 1)𝑙 rows of 𝑈𝑛 . Then using pseudo-inverse †[22]:
𝐴ˆ = 𝑈1† .𝑈2

(19)

ˆ and 𝐷,
ˆ together with the initial state 𝑥
The matrices 𝐵
ˆ(0) can
be computed by solving a least-squares problem. Let’s define
𝜃, the vector of unknown parameters:
[
]𝑇
(20)
𝜃 = 𝑥(0) 𝑣𝑒𝑐(𝐵) 𝑣𝑒𝑐(𝐷)
Where 𝑣𝑒𝑐(.) is an operator that stacks the columns of a matrix
on top of each other. The regressor vector is defined:
]
[
∑𝜏 −1
𝑇
ˆ ˆ𝜏 −𝑖−1 ) 𝑢(𝜏 )𝑇 ⊗ 𝐼𝑙
𝜙(𝜏 )𝑇 = 𝐶ˆ 𝐴ˆ𝜏
𝑖=0 𝑢(𝑖) ⊗ 𝐶 𝐴
(21)
where ⊗ is the Kronecker product of matrices. Now 𝜃ˆ is found
using least-square [22]:
𝜃ˆ = arg min
𝜃

𝑇∑
𝑠 −1



𝑦(𝜏 ) − 𝜙(𝜏 )𝑇 .𝜃2

(22)

𝜏 =0

In summary, the above procedure of subspace identification
is applied to the data of 𝑆 sub-models in order to find subˆ𝑠 , 𝐶ˆ𝑠 , 𝐷
ˆ 𝑠 } and initial states
model parameters Ψ̂𝑠 = {𝐴ˆ𝑠 , 𝐵
𝑥
ˆ𝑠 (0). After finding Ψ̂𝑠 , the error ℎ𝑠 (𝑡) is calculated using (2)
and (6) which shows the distance between 𝑦(𝑡) to the models
of 𝑠-th submodel. This distance will be used in the next section
to assign the dataset to each of the 𝑆 sub-models.
IV. A SSIGNING DATA TO THE SUB - MODELS
The time series analysis method with jumped models using
the bounded-switching (BS) clustering was introduced in [17].
The basic idea of BS-clustering is to bound the total number of
switchings in the time series and estimate the switch times. A
similar idea was used before in the identification of switched
SISO systems [23], [24] by penalizing the total variations of
the switched system parameters over time. However in these
methods, it is necessary to tune a real-valued penalization
factor which is a time-consuming procedure. Instead in BSclustering, it is assumed that the total number of switches is
upper bound. This assumption make it possible to convert the
ill-posed identification problem into a solvable optimization
without need of a penalization factor.
Suppose that Ψ̂𝑠 is available for all of the 𝑆 sub-systems.
The goal is to find 𝜇𝑠 (𝑡) using a clustering algorithm. A

∣𝜇𝑠 (𝑡 + 1) − 𝜇𝑠 (𝑡)∣ ≤ 𝑞𝑠 (𝑡)
𝑡 = {0, . . . , 𝑇 − 2}; 𝑠 = {1, . . . , 𝑆}
This equation can be extended as:
{
𝜇𝑠 (𝑡 + 1) − 𝜇𝑠 (𝑡) − 𝑞𝑠 (𝑡) ≤ 0
−𝜇𝑠 (𝑡 + 1) + 𝜇𝑠 (𝑡) − 𝑞𝑠 (𝑡) ≤ 0
𝑡 = {0, . . . , 𝑇 − 2}; 𝑠 = {1, . . . , 𝑆}

(24)

During a switch times between two sub-systems e.g. 𝑠2 and 𝑠3 ,
the value of 𝜇𝑠2 (𝑡) jumps from 1 to 0, while the value of 𝜇𝑠3 (𝑡)
jumps from 0 to 1. To limit the total number of switching
between the sub-models an integer value 𝐾, a constraint is
added on the 𝑞𝑠 (𝑡):
−2
𝑆 𝑇
∑
∑

𝑞𝑠 (𝑡) = 2𝐾

(25)

𝑠=1 𝑡=0

where 𝐾 is a known integer number. Next, we add the 𝑞𝑠 (𝑡)
to the set of unknown parameters, which should be found in
the optimization problem. A vector 𝑄𝑠 is defined that contains
all the values of 𝑞𝑠 (𝑡) over time:
[
]
𝑄𝑠 = 𝑞𝑠 (0) 𝑞𝑠 (1) . . . 𝑞𝑠 (𝑇 − 2)
𝑠 = {1, . . . , 𝑆}

(26)

¯ containing all of the 𝜇𝑠 (𝑡) and 𝑞𝑠 (𝑡) of
We define vector 𝑀
the 𝑆 clusters (the 𝑀𝑠 was defined in (7))
[
]
𝑀1 𝑀2 . . . 𝑀𝑆 𝑄1 𝑄1 . . . 𝑄𝑆
¯ =


𝑀
𝑇 ×𝑆

(𝑇 −1)×𝑆

¯ containing all the values of ℎ𝑠 (𝑡)
and the vector 𝐻
[
]
𝐻1 𝐻2 . . . 𝐻𝑆 0 0 . . . 0
¯ =


𝐻
𝑇 ×𝑆

(27)

(28)

(𝑇 −1)×𝑆

¯ and 𝐻
¯ as
Now, the optimization in (8) can be rewritten by 𝑀
[17]:
¯ 𝑀
¯𝑇
(29)
min 𝐻.
¯
𝑀

¯ has all of 𝜇𝑠 (𝑡) and 𝑞𝑠 (𝑡), could be determined
The vector 𝑀
by solving this optimization problem. All of the values of
¯ has
𝜇𝑠 (𝑡) and also 𝑞𝑠 (𝑡) are binary, and thus the vector 𝑀
only binary values. As a result, the (29) is a binary integer
programming problem, which is solvable by methods of convex optimization. Here, The optimization order is (2𝑇 − 1)𝑆.
The (5), (24) and (25) form the constraints of the optimization
problem, including 2𝑆(𝑇 − 1) inequality and 𝑇 + 1 equality
constraints. In this work, we have used the toolbox of [25]
that uses the branch-and-bound algorithm for solving the
binary integer programming with computational complexity of
𝑂(2𝑛 ), where 𝑛 is the order of binary integer programming.
The procedure of proposed algorithm is as follows. In the
first step, initial values are chosen for 𝜇𝑠 (𝑡) and then the
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V. S IMULATIONS
In this section, the proposed identification algorithm is
tested using a simulation example borrowed from [16], where
the switch time is a returning sequence for all the three subsystems and the order of the sub-systems are different and thus
it makes the estimation more difficult. The data with length of
900 is generated by three sub-models as below, and 𝐷𝑠 = 0:
⎡
⎡
⎤
⎤
0.4 0.1 0
1.5 0.9
−1⎦
𝐴1 = ⎣0.8 0.4 0 ⎦ 𝐵1 = ⎣ 1
0
0 0.8
−1.5 2.3
⎡
⎤
0.8 1.1
2
𝐶1 = ⎣−1.3 0.7 1.7 ⎦
1.5 0.7 −0.9
⎡
⎤
[
]
[
]
0.8 1.1
0.4 0.6
1.5 0.9
𝐵2 =
𝐶2 = ⎣−1.3 0.7⎦
𝐴2 =
0.5 0.1
1 −1
1.5 0.7
⎡
⎤
0.3 0.2
0
0 ⎦
𝐵3 = 𝐵 1
𝐶3 = 𝐶1
𝐴3 = ⎣0.8 0.2
0
0 −0.75
(30)
Each sub-model
⎧

⎨1 if
𝑠(𝑡) = 2 if

⎩
3 if

is active in some periods of time:

𝑡 ∈ [1, 199] ∪ [400, 499] ∪ [700, 799]
𝑡 ∈ [200, 299] ∪ [500, 599] ∪ [800, 900]
𝑡 ∈ [300, 399] ∪ [600, 699]
(31)
Here, the sub-systems are returning, and they are activated
more than once in the sequence. The inputs 𝑢(𝑡) are PseudoRandom Binary Sequences (PRBS). The signal-to noise ratio
(SNR) of the outputs with respect to the measurement noises
is 20 db. The process noise 𝑤(𝑡) is a Gaussian white noise
and has a covariance as 𝑣𝑎𝑟(𝑤(𝑡)) = 7 × 10−4 𝐼3 . We assign
the block size as 𝜌 = 10. In this example, the orders of
the sub-models are not the same. However, for simplicity
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y (t)
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Fig. 1. Sub-model membership function 𝜇𝑠 (𝑡) in the example

3

y (t)

iterative steps of sections III and IV should be followed to
find Ψ𝑠 and 𝜇𝑠 (𝑡). The convergence of algorithm can be tested
using the clustering error. The optimizations with respect to
Ψ𝑠 using subspace identification always has a solution if the
minimum dwell time assumption is satisfied. Due to (5), the
feasible region of the binary integer programming is nonempty. Thus, the optimization to find 𝜇𝑠 (𝑡) always has a
solution. In the result, the proposed identification method
based on BS-clustering is monotone (with non-increasing
error) and converges to at least a local solution. For obtaining
the global solution of the originally non-convex optimization
problem of (4), the procedure must be restarted using random
initializations of 𝜇𝑠 (𝑡).
The proposed algorithm needs tuning of the number of submodels 𝑆, number of switches 𝐾 and the block size 𝜌. The
number of sub-models and switches can be selected from a
finite set of possible structures based on prior knowledge about
the the switched system. The block size is a number smaller
than the dwell time [16].

μ3(t)
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Fig. 2. Real and estimated outputs of the system in the example

of calculation, we estimate three sub-model parameters with
the order 𝑛 = 3. The proposed identification method is
applied assuming 𝑆 = 3 and 𝐾 = 7 which coincides with
the true configuration of the switched system. The iterative
identification algorithm is converged after four iterations. The
values of sub-model membership function 𝜇𝑠 (𝑡) are shown
in Figure 1. It can be seen that the switch times between
three sub-models are found correctly. Figure 2 shows that
the proposed approach has successfully approximated the real
outputs of the switched system.
For testing the accuracy of detecting the true eigenvalues
of three sub-systems, we run the algorithm 50 times, with
different inputs and noises on the system. Figure 3 shows the
estimated eigenvalues with blue dots and actual eigenvalues
with red circles for three sub-models, where the eigenvalues
are found with a good accuracy.
Next, we test the effect of measurement noise on the
accuracy of identification by running the algorithm with different SNRs and calculating the the variance-accounted-for
(VAF) values. Table 1 the identification approach is capable
of capturing the dynamics of sub-models with different levels
of noise.
𝑣𝑎𝑟(𝑦(𝑡) − 𝑦ˆ(𝑡))
, 0) × 100
(32)
𝑉 𝐴𝐹 = 𝑚𝑎𝑥(1 −
𝑣𝑎𝑟(𝑦(𝑡))
In contrast to the solution of the same problem in [16],
our algorithm does not need tuning of the sliding window
length to reach an acceptable result. Instead, by knowing the
number of sub-models and switches, the identification problem
can be solved. If these hyper-parameters are unknown, only
a finite set of models should be tested to reach the true
structure of the switched system, without need of tuning
any real-valued hyper-parameter. Furthermore, statistical tech-
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Fig. 3. Eigenvalues of true and estimated sub-models

TABLE I
E FFECT OF NOISE LEVEL ON ACCURACY OF IDENTIFICATION
SNR (dB)
VAF

15
92.5

20
95.8

25
96.2

30
98.9

niques such as Akaike Information Criterion can be used
for selecting the model structure, which enables us to avoid
overfitting/underfitting due to the incorrect settings of hyperparameters.
VI. C ONCLUSION
In this paper, we introduced an algorithm based on boundedswitching clustering and subspace identification technique for
identification of switched linear MIMO systems. Compared to
the conventional methods, our method does not need to tune
hyper-parameters such as moving window length or penalization factor. The proposed identification method clusters the
input/output pairs of the switched MIMO systems and utilizes
the PO-MOESP method to find the state-space realization of
each sub-system. The set of hyper-parameters which should
be tuned are the number of sub-models and switches and also
the block size. These parameters might be selected from a
set of finite admissible structures for the switched system.
Thus, the proposed method is very suitable when minimal a
priori knowledge is available about the switched system. The
identification method was tested through MATLAB simulations showing acceptable performance with small identification
error. Future work will focus on the estimation of the order
and number of the sub-models in switched MIMO systems.
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